ON THE PARTITION OF NUMBERS *

Leonhard Euler

§1 The Problem about the Partition of Numbers was first propounded to me
by Professor Naude; he asked, in how many different ways a given integer
(for, here we always consider only integer and positive numbers) can be an
aggregate of two or three or four or in general of arbitrarily many numbers.
Or, what reduces to the same, in how many different ways a given number
can be split into either two or three or four or arbitrarily many parts, whence
this problem very appropriately was given the name of Partition of Numbers.
But the Professor’s problem is usually propounded in two parts: First, it
demands only the ways of partitions, in which the single parts, into which the
propounded number is to be resolved, are different; but then having omitted
this condition of inequality, it requires all possible ways of partitions, no
matter whether certain parts are equal to each other or all are different. But
it is perspicuous that in this last case the number of partitions mostly is a
lot greater than in the first, since not only all partitions, which satisfy in the
first case, at the same time resolve the latter, but also mostly many others
containing equal parts are added.

§2 In order to see the complexity of this problem more clearly, I will mention
some simpler cases, which can actually be handled easily by actual enume-
ration of the partitions. If it is in question, in how many different ways the
number 6 can be resolved into two parts, it is immediately clear that this can
be done in three ways, since
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6=1+5=2+4=3+3,

if the parts are not necessarily different, of course. But if only different parts
are desired, the last partition 3 4 3 is to be omitted and in this case the number
6 can be split into two different parts in only two ways. If an odd number, as
9, is propounded to be split into two parts, four partitions will arise, which
are

9=1+8=2+7=3+6=4+5;

since there no equal parts occur, the number 9 can be split into two parts in
four ways, no matter whether equal parts are excluded or not. If more than
two parts are desired, as if it is asked, in how many ways the number 12 can
be split into three parts, one will be able to do this in the following 12 ways:

12=1+1+10, 12=1+2+9, 12=1+3+38,
12=1+4+ 7, 12=1+5+6, 12=2+2+38,
12=2+3+ 7, 12=2+4+6, 12=2+5+5,
12=3+3+ 6 12=3+4+5 12=4+4+ 4.

But if the equal parts are excluded, one will have to answer that the number
12 can be split into three parts in only 7 ways.

§3 Hence it is easily seen, if the number to be split was three or four times
greater than the number of parts, into which it must be resolved, that then
the number of partitions becomes so large, that by an actual enumeration it
can be obtained only with a lot of work. And in this task one must also not
trust induction, which, as it will become clear to anyone trying it, is mostly
false, if one wants to make conclusions for higher composited cases from the
enumerations done for the simpler cases. So it will become clear from the
method to be explained later that the number 50 can be split into seven parts
in 8946 ways, not having excluded the equality of the parts; but if equal parts
are excluded, only 522 partitions will remain. Further, the number 42 can be
resolved into 20 parts in thousand different ways. But if it is in question, in
how many different ways the number 125 can be split into 12 parts, which are
all different to each other, one will find that this can happen in 64707 ways.



§4 As here all the integer numbers can take the place of the parts, so this
problem can be varied to infinity, depending on whether the numbers consti-
tuting the parts are restricted or not. So it will be another problem, if it is in
question, in how many different ways the given number n can be resolved
into p parts, of which none exceeds a given number m. The number of parts
can also be omitted, as if it is asked, in how many different ways the number
6 can be produced from these numbers 1, 2, 3, 4 by addition, which can be
done the following 9 ways:

6=1+1+1+1+1+1 6=1+1+1+3

6=1+1+1+1+2 6=1+1+4

6=1+1+2+2 6=1+2+3

6=2+2+2 6=2+4
6=3+3

Or even the kind of the numbers, which constitute the parts, can be prescribed;
one can require the parts to be either odd numbers or squares or triangular
numbers or of any other kind. So if it is in question, in how many different
ways a given number can be the sum of four squares, this question will extend
to this kind of problem. So a long time ago also the partition of numbers into
parts, which are terms of this geometric progression 1, 2, 4, 8, 16, 32 etc., was
considered and every number was observed that it can be composed in only
one single way from these numbers 1, 2, 4, 8, 16, 32 etc. by addition. After
Stiefel this question was asked by van Schooten in his Exercitationes, where
he showed that weights of 1, 2, 4, 8, 16, 32 etc. mass units suffice to weigh
any arbitrary mass. And to show this he used induction. Therefore, it will be
convenient to have demonstrated the truth of this claim rigorously.

§5 Therefore, I will explain a certain and safe method, how this and other
similar problems must be resolved, so that induction, which is usually applied
for the solution of problems of this kind, is not necessary at all. For this, I use
the following very well-known lemma:

If this product

(14az)(1+bz)(1+4cz)(1+dz)(1 +ez) etc,,



no matter whether the number of factors is finite or infinite, is expanded by actual
multiplication, that a form of this kind results

1+ Az + Bz?> + Cz% + Dz* + EZ° + etc,,

the coefficient of the second term A will be the sum of all quantities a, b, c, d, e
etc. The coefficient B on the other hand will be the sum of products of two different
quantities. The coefficient C will be the sum of products of three different quantities;
and the coefficient D will be the sum of products of four of these same quantities, and
so forth.

For, the same quantity, say a, or any other can never be contained more
than once in products of this kind. Hence this lemma provides me with the
foundation of partition into different parts.

§6 But if the equality of the parts is not excluded, I use this lemma:
If this form
1
(1—az)(1—0z)(1—cz)(1—dz)(1—ez)etc.”

no matter whether the number of the factors constituting the denominator is finite or
infinite, after the expansion of the denominator by actual multiplication, is expanded
into a series of the following form by means of division

1+ Az + Bz?> + Cz® + Dz* + EZ° + etc,,

then A will be, as before, the sum of the quantities a + b+ c +d + e + etc.. But
the coefficient B will be the sum of products of two not necessarily different of these
quantities; of course, it will be

B =aa+ab -+ bb -+ ac+ bec + cc + ad + bd + cd + dd + ae + etc.

In like manner the coefficient C will be the sum of products of three not necessarily
different of these quantities a, b, ¢, d, e etc. And the coefficient D will be the sum of
products of four not necessarily different of these quantities and so forth.

And hence this lemma will open the way to find partitions, in which the
equality of the parts is not excluded.



§7 But since in the propounded problem the question is not about products
but about the sum of numbers, I substitute the powers x?, x7, x”, x°, xt etc. for
the quantities 4, b, ¢, d, e etc. For, so in the products of two quantities of such
a kind those powers will occur, whose exponents are the sum of two numbers
from the series p, q, r, s, t etc. In like manner, the products of three consist
of powers of such a kind, whose exponents are the sums of three numbers
of the same series p, ¢, 7, s etc. And the products of four will be the powers,
whose exponents are the aggregates of four of these numbers, and so forth.
And so, what was mentioned before on products, is now transferred to sums
and certainly in such a way that, if the first lemma is applied, the sums are
conflated of only different parts, but if the second lemma is used, the equality
of the parts is not excluded. Therefore, both lemmas must be used this way
for the solution of these questions raised before.

§8 Therefore, let us solve this first problem:

To find, in how many different ways the given number N can be split into p different
parts.

Since for this all positive integer numbers are suitable to constitute the parts,
for the series of the above exponents the series of the natural numbers 1, 2, 3,
4,5, 6 etc. is to be taken. Therefore, according to the second lemma form this
expression

s = (1+xz)(1 4 x%2) (1 + x°2) (1 + x*2) (1 + x°z)etc. to infinity,

which, having actually done the multiplication, is expanded into this series

s:1—|—Az—|—BzZ+CZ3+Dz4—|—Ez5—|—etc.,

and it will be

A=x'+22+3+x  + x>+ 20 +etc,,

which is the aggregate of all powers of x. Further, since B is the sum of
products of two different terms of the series A, B will be the sum of all powers
of x, whose exponents are aggregates of two different numbers; and since the
same power can result more than once, it will have a numerical coefficient
indicating, in how many ways the power is a product of two terms of the
series A or in how many different ways its exponent can be the sum of two



different numbers. But, actually multiplying two terms of the series A, one
will find

B =3+ x* +2x° + 2x% + 3x7 + 3x8 + 4x7 + 4x10 + etc.

Every coefficient of this series indicates, in how many different ways the
exponent of the respective power of x can be split into two different parts.
Therefore, having continued this series to infinity by means of the law to be
found later, the case of the problem requiring the partition into two parts is
now solved.

§9 Further, the quantity C, since it contains all products resulting by multi-
plying three different terms of the series A, will consist of the series of powers
of x, whose exponents are the sums of three different numbers. And the same
power will occur so often in that series C as its exponent can result from three
different numbers by addition, and one will find

C =0+ a7 + 248 + 327 + 4x10 + 52 + 7x12 4 8x13 + 10x™ + etc.

Any arbitrary coefficient of this series indicates, in how many different ways
the exponent of a power of x can be split into three different parts; and so it
follows from the term 8x!3 that the number 13 can be split into three different
parts in eight different ways, which are

13=1+2+10, 13=2+3+38,
13=1+3+9, 13=2+4+7,
13=1+4+38, 13=2+5+6,
13=1+5+7, 13=3+4+6.

Therefore, this series C, if continued to infinity, will serve for splitting all
numbers into three different parts.

§10 Further, the quantity D, since it contains all products of four different
terms of the series A = x! + x? + x> + x* + etc., will consist of the series of
those powers of x, whose exponents are the aggregate of four different num-
bers; and in this series any arbitrary power will have a coefficient indicating,
in how many different ways its exponent can result from addition of four
different numbers. But one will find



D = x19 4 21 42412 4+ 3x13 4+ 5x14 4+ 6x1° + 9510 + 11x17 + etc.

Therefore, this series, if continued to infinity, will show, in how many different
ways each number can be the sum of four different parts. For example, from
the term 9x it is seen that the number 16 can be split into different parts in
nine ways.

§11 If we proceed further this way, it will become plain that the letter E
will be a power series in x of such a nature that the coefficient of each term
indicates, in how many different ways the exponent of x can be split into five
different parts. But it will be

E = x" + x10 4+ 2x17 4+ 3518 + 5519 + 7x20 + 10x2! + 13x%% + etc.

In like manner, the value of the letter F will be the series serving for the
partitions into six different parts and the letters G, H, I etc. for the partitions
into seven, eight, nine etc. parts and they will be

F = x2! 4+ 22 4+ 2x% + 3x%4 4532 4+ 722 + 11x% + 14x*8 + etc.,
G =3+ x% + 2230 43431 +5x%2 + 7233 + 1123 + 15x% + etc.
etc.

Hence it is understood that the exponent of the first term of each series is the
triangular number of the number of propounded parts, but then the coefficient
so of this as of the second term is = 1. The reason for this is easily seen; for,
the smallest number, which is the number of seven different parts, obviously
is=14+2+3+4+5+6+7 = 378 = the triangular number of seven, and
this number as the following greater by one unit can not be split into seven
different parts in more than one way.

§12 Therefore, the whole task reduces to the convenient formation of the
series B, C, D, E, F etc., that not that itself, what it is in question, of course
the number of partitions, is used for the formation of each series. And first,
certainly the law of the progressions A and B is clear, since the coefficients of
the first are all 1, the coefficients of the second series on the other hand are
the terms of the series of the natural numbers, where each number appears
twice; but the law of the following series on the other hand is less obvious,



and they were actually continued so far as seen here, by using the method
to be explained later to find the number of the partitions of the exponents.
Therefore, the values of these letters A, B, C, D etc. must be investigated in
another way, whence this problem arises:

To find the values of the letters A, B, C, D, E etc. such that the sum of this series

s =1+ Az + Bz? + Cz% + Dz* + EZ® + etc.

becomes equal to this expression

s = (1+xz)(14 x%2)(1 + x%2) (1 + x*2) (1 + x°z)etc.

Therefore, for this aim, the relation among these expressions, and how the
one must be changed to transform into the other, must be considered.

§13 Since the value s of each of both expressions is the same, their relation to
each other will remain the same, if in both of them an arbitrary other quantity
is written instead of z. Therefore, let us put xz instead of z in both of them
and let us call the value resulting in both expressions t and first it will be

t =14 Axz + Bx?z2 + Cx%2% + Dx*z* + etc,;

but then the other expression will be transformed into this one

t = (1+x%2)(1+ x%2) (1 + x*2) (1 + x°2)etc,;

if this last value of ¢ is compared to the second value of s, which was

s = (14 x2)(1 4+ x%2)(1 + x°2) (1 + x*z)etc.,
it will soon become plain that s = (1 + xz)t. Since this relation must also hold

in the other values of s and ¢, this will give us these equations

s=1+Az+B z22+C 22+ D z*+etc,
(14 xz)t =1+ Axz + Bx?z% + Cx%z% + Dx%z* + etc,,
+  xz 4+ Ax%Z% + Bx3z23 4+ Cxtz* + etc.

Hence by equating the homogeneous terms to each other it will be



1—x’
B — Ax? _ x>
S 1-x2 (1—x)(1—x2)
c— Bx® x®
S 1-x3 (1—x)(1—22)(1—x3)’
DJC4 xlO
D: =
1—x* (1—x)(1—22)(1—x3)(1—x%)’
Ex5 15
i € 1 ) Y ey 1 ¢ gy Y )
etc.

§14 Therefore, the series, which were observed above to arise for the letters
A, B, C, D, E etc., result from the expansion of the fractions we found here,
whence it is known that the series A is a geometric series, namely A =
x 4+ x% + x3 + x* 4+ x° + etc., which, what is certainly very clear, indicates that
each number can consist of one single integer number in one single way. The
remaining series B, C, D. E etc. on the other hand are recurring series, whose
relation scale for each fraction will become plain from the denominator, if it is
expanded by multiplication. To show this, let us neglect the numerators for
the moment; they are those powers of x, whose exponents are the triangular
numbers, and instead of them let us write 1. Therefore, let

% =1+a x+p >+9 P+ x4 440 =1,

% =14+a" x+B' P+9" X+ P+ O+ =B,

% =14+a"x+p"2+7" P+ + "+ + 4=,

% Vg BV 4 VB sV p VS oV =,

%:1+ucvx+,BVx2+')fvx3+5vx4+svx5+---+va”+---z(’E,

%:1jLIXVIXjL[wazJrvwxaJr(5\11x4+€\/1x5Jr”,Jrvwanrm:g
etc.



§15 Therefore, the solution of the question is reduced to finding the series 2,
B, ¢, D, € etc., which are obviously recurring. And certainly the first series A,
since A = ﬁ, is even a geometric series,and &' =1,/ =1,9' =1, =
etc., which is perspicuous per se. But the series B, since

1 1
(1—x)(1—x2) 1—x—2x2+x%

will be recurring while the relation scale is +1, —1, +1; hence it will be

B =

o =1
ﬁ// — DCH + 1
,)/// — ‘BN —l—(XU -1
5// _ ,)/// —f—‘B - lX”,
8// _ 5// + ,Y// o ‘B//
"o _ 8” +5// o ,)///
etc.

In like manner, the series €, because of
1 B 1
(1—x)1—x2)(1—x3) 1—x—x24+x*+x5—x6

will be recurring and will have the relation scale +1, +1, 0, —1, —1, +1. Hence
it will be

¢ =

lX/// — 1’

ﬁ/// — DC/N + 1’

Y =pB"+a" +x,

5/// — ,)//// +ﬁ/// + % — 1,

P +,Y/// 4+ —a — 1,

gl/l — EHI + (S/” + % — ‘B/// - 06”/ + 1/

17/// — g/l/ + 8I// + % — ,y/// _ ﬁ/// + OCU/,

9/// — ;7//1 +€/// ‘I’ % — 5/// _ ,Yl// +‘B/”
etc.

10



In like manner, the following series will be seen to be recurring and one will
be able to assign their relation scale this way. But even though this way these
series can be formed easily, I will nevertheless, having put aside this direct
way, exhibit a much more convenient way to form each of these series from
the preceding one, after I will have mentioned an observation of greatest
importance.

§16 Because B = m, having expanded B into a series, it is plain
that each power of x must occur as often as it can arise from the powers x!,
x? by multiplication or as often as its exponent can be produced from the

numbers 1 and 2 by addition. So, because

B=1+x+20%+23 +3x* 43"+ +0"x" +-- -,

from the term 3x* it is understood that the number 4 can result from the
numbers 1 and 2 by addition in three ways, which are

4=1+14+1+1, 4=14+1+2 and 4=2+2.

Therefore, by considering the term v”x" the coefficient v” will indicate, in
how many ways the exponent n can be produced from the numbers 1 and
2 by addition. Therefore, because B = Bx3, in the series B one will have
the term v’ x"*3; since this indicates that the number 1 + 3 can be split into
two different parts in so many ways as the coefficient v" contains units it is
obvious that the number 7 + 3 can be split into two parts in so many ways as
the number 7 can be produced by addition from the numbers 1 and 2.

§17 Further, since € = (1_x)(1_1x2)(1_x3), it is plain that in this series ¢ each

power of x must occur so often as it can arise form the powers x!, x2, x> by

multiplication or, what is the same, as its exponent can be produced from the
numbers 1, 2, 3 by addition. So, because

C=14+x+22+3° +4x 455+ 720+ +0"x" .-,

from whose term 5x° it will be seen that the exponent 5 can be produced from
the numbers 1, 2, 3 by addition in five ways, which are

5=1+1+1+1+1, 5=1+4+14+1+4+2, 5=1+4+1+43,

11



5=1+2+2, 5=2+3.

But considering the term v/x" in general the coefficient """ will indicate, in

how many different ways the number n can result from the numbers 1, 2,
3 by addition. Therefore, since C = €x%, one will have the terms v"/x"*¢ in
the series C; this term indicates that the number 1 4 6 can be split into three
different parts in so many ways as the coefficient v/ contains units. Hence
it follows that the number n + 6 can be split into three different parts in as
many ways as the number n can result from the numbers 1, 2, 3 by addition.

§18 It is not necessary that we prosecute this any longer, since hence it is
already sufficiently clear that the number 7 + 10 can be split into four different
parts in so many different ways as the number n can result from the four
numbers 1, 2, 3, 4 by addition. In like manner the number #n + 15 can be split
into five different parts in so many ways as the number n can result from
the five numbers 1, 2, 3, 4, 5 by addition. Therefore, generally the number
n-+ M can be split into m different parts in so many different ways as the
number n can result from the numbers 1, 2, 3, 4, - - - m by addition. Therefore,
if it is in question, in how many different ways the number N can be split
into m different parts, the answer will be found, if the number of cases is

m(m+1)
2

investigated in which the number N — can result from the numbers 1,

2,3,4, --- m by addition.

§19 Therefore, this way the resolution of the propounded question on the
partition of an arbitrary number into arbitrary different parts is reduced to the
solution of another problem already addressed above in which it is in question
in how many different ways an arbitrary number can result from some of the
terms of the arithmetic progression 1, 2, 3, 4, 5 etc. by addition. To explain
this more clearly, let us introduce a more convenient notation. Therefore, let:

1) denote the number of cases in which the number 7 can be formed from
the numbers 1, 2 by addition;

let n(3) denote the number of cases in which the number 7 can be formed
from the numbers 1, 2, 3 by addition;

and let n(™ denote the number of cases in which the number 7 can be

12



formed from the numbers 1, 2, 3, - - - m by addition.

Therefore, having introduced the values of characters of this kind, the
propounded problem will be resolved this way. If it is in question, in how many
different ways the number N can be split into m different parts, the number

(m)
of cases in question will be expressed by the character (N — %) "

m(m+1)
2

indicating, in how many different ways the number N — can result

from the numbers 1, 2, 3, - - - m by addition.

§20 Also the solution of the other problem propounded by Naude is reduced
to this same question, wherefore it will be convenient to resolve this problem
before we attempt a further expansion of the characters we just introduced;
for, we will solve three problems, which seem to be rather different in their
nature, at once. The problem is the following:

To find, in how many different way a given number N can by split into p not
necessarily different parts.

Since here the equality of the parts is not excluded, I will contemplate the
following form containing the solution of this question

1
(1 —x2)(1—x22)(1 — x32)(1 — x*z) (1 — xPz)etc.”

which, having expanded into a power series in z, yields this series

s =

s:1—|—Az—|—Bzz+Cz3—|—Dz4—|—Ez5+etc.,

and, as we noted above (§ 6), the coefficient A will be the sum of all terms of
this series x, xZ, x3, x*, x> etc. or A = 2! + x2 + x2 + 23 + x* + x° + x® + etc.
which is the same series we obtained in the solution of the preceding problem
for the letter A.

§21 Further, B is the sum of the product of two not necessarily different
terms of the series A. Hence B will be the sum of all powers of x whose
exponents are the aggregates of two either equal or different numbers; and
since the same power can result more than once this way, it will have a
numerical coefficient indicating, in how many ways the power is the product

13



of two terms of the series A or in how many different ways its exponent can
be the sum of two either different or equal numbers. From this one will find

B=x%+ x4 2x* + 2x° + 3x% + 3x7 + 428 + 4x° + etc.,

any coefficient of which series indicates, in how many different ways the
exponent of the corresponding power of x can be split into two parts. Therefore,
having continued this series to infinity, the case in which the partition into
two parts is required is easily solved.

§22 Further, the quantity C, since it contains all products resulting from the
multiplication three either different or equal terms of the series A, will consist
of a series of powers of x whose exponents are the sums of three positive
integer numbers. And the same power x" will occur so often in the series C
as its exponent n can result from three either equal or different numbers by
addition. But it will be

C = x4 x* +2x° +3x0 + 4x” + 528 + 72 + 8x10 + 104 + etc.,

any coefficient of each series indicates, in how many different ways the
exponent of the corresponding power of x can be split into three either or
different parts. So it is concluded from the term 8x!0 that the number 10 can
be split into three parts in eight ways; these partitions are

10=1+1+38, 10=2+2+6,
10=14+2+7, 10=2+3+5,
10=1+3+6, 10=2+4+4,
10=1+4+5, 10=3+3+4.

Therefore, this series C, if it is continued to infinity, will serve for partitioning
all numbers into three parts.

§23 In like manner, the quantity D, since it contains all products of four
not necessarily different terms of the series A = x + xZ 4+ 23 + x* + etc., will
consist of a series of powers of x, whose exponents are the aggregates of
four either equal or different numbers. Therefore, in this series any arbitrary
power of x will have a coefficient of such a kind which indicates, in how many

14



different ways its exponent can result by the addition of four numbers. But
hence one will find

D =x*+x%+2x° +3x7 + 528 + 637 +9x10 + 111! + etc.

Therefore, this series, if continued to infinity, will show, in how many different
ways any arbitrary number can be split into four parts. So it is concluded from
the term 9x'° that the number 10 can be split into four parts in nine ways;
these partitions are

100=1+1+1+7, 100=1+2+2+5,
10=1+1+2+6, 100=1+2+3+4,
100=1+1+3+5, 10=1+3+3+3,
100=1+1+4+4, 10=2+2+2+4,

10=2+4+2+3+3.

§24 Proceeding further this way it will become clear that the letter E will
be a series of such a kind of the powers of x that the coefficient of each term
indicates, in how many different ways the exponent of x can be split into 5
parts. But it will be

E ="+ %4+ 2% +3x® +5x° + 7x10 + 102" + 13x'2 + etc.

In the same way the value of the letter F will be a series revealing the partitions
into six parts and the value of the letters G, H, I will reveal the partitions into
seven, eight, nine etc. parts; but it will be

F =x%+ x7 +2x8 +3x% + 5x10 + 7x11 + 11x12 4 14413 + etc,,
G =ux" 4+ a8 + 2x7 + 3x10 + 5x1 + 7x12 4+ 11413 + 15x!* + etc.

If these series are compared to those we found in the solution of the above
problem for the same letters, it will soon become clear that the whole difference
consists only of the powers of x and the coefficients proceed similarly in both
series. But to not rely on induction here, let us demonstrate this agreement as
follows.
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§25 Let us, as above, consider two values of s which are

s =1+ Az + Bz* + Cz° + Dz* + E2z° +etc.
1 .
(1 —x2)(1—x22)(1 — x32)(1 — x*z) (1 — x°z)etc.”

s =

let these, if one puts xz instead of z everywhere, go over into t and it will be

t =1+ Axz + Bx?z% + Cx32% + Dx*z* + Ex®2° + etc.
1

T U= ) (1 - ) (1 - wrete

Hence, if the second values of s and t are compared to each other, it will soon

become evident that s = 1_txz or t = (1 — xz)s; since this same relation also

has to hold between the first value of letters s and ¢, it will be

t =1+ Axz + Bx%z2 + Cx32% + Dx*z* + Ex®Z° + etc,,
(1-xz)s=1+ Az+ BzZ2+ CzZ+ Dz*+ EZ° +etc

— xz— Axz? — Bxz® — Cxz* — Dxz° — etc.

Hence by equating the coefficients one finds

x
Azl—x'
g Ax _ x?

T—xx (1—x)(1—x2)
c - Bx x3

1—x%  (1—x)(1—x2)(1—x3)’
p_ Cx _ x*

T—x*  (1—x)(1—x2)(1—x3)(1—x%)
etc.

§26 From these formulas it is understood that these series are not only also
recurring as the ones above but also the rule for the coefficients is the same.
Hence, if having neglected the numerators one puts
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A = 1 , A =2x,
1—x

B = 1 B = Bx?
o (1—2x)(1—x2)’ o !
_ 1 _ 3

e s y g Y g ¥ C=ex,

D = 1 D = Dx*
S (1—x)(1—x2)(1—x3)(1—x%)’ o
etc., etc.,

the partition of any number into an arbitrary amount of either equal or
different parts depends on the formation of the series 2, B, €, © etc. which,
as we observed before, indicate, in how many different ways a certain number
can be produced from several initial terms of the series 1, 2, 3, 4, 5 etc. by
addition. Therefore, since B = Bx2, the number n + 2 can be split into two
parts in so many ways as the number n can be produced from the numbers 1
and 2 by addition. In like manner, since C = ¢x3, the number n + 3 will be
split into three parts in so many ways as the number n can be composed of
the numbers 1, 2, 3 by addition. And generally the number 7 + m can be split
into m either equal or different parts in so many different ways as the number
n can be produced from the numbers 1, 2, 3, - - - m by addition.

§27 Therefore, even this problem will depend on the solution of the question,
in how many different ways a given number can result from several initial
terms of the series 1, 2, 3, 4. Therefore, if as above [§ 19] this symbol pn(m)
denotes the number of ways, in which the number #n can be composed of the
numbers 1, 2, 3, --- m by addition or in which the number n can be split
into arbitrarily many parts, none of which is larger than the number m, even
this problem can be solved by characters of this kind. Of course, n(™) will
indicate, in how many different ways the number n + m can be split into m
either equal or different parts. Hence, if it is question, in how many ways the
number N can be split into m either equal or different parts, the number of of
ways in question will be indicated by this formula (N — m)(™). Therefore, if
this problem is compared to the preceding one, it will be perspicuous that the
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number 1 + m can be split into m either equal or different parts in as many

ways as the number 1 + m(mTH) can be split into m parts.

§28 Therefore, the solution of both problems propounded by Naude are
reduced to the task to define, in how many different ways any arbitrary
number 7 can be formed from the numbers 1, 2, 3, - - - m by addition, or to
the investigation of the value of the character n(m)_ Therefore, let us see, how
this new problem can be resolved most conveniently from the formulas found
before. And at first, if m = 1, since any arbitrary number can be found in one
single way from unities only by addition, it will be

what the first formula 2 = ﬁ or the series formed from this, namely

A=1+x+ x>+ 2>+ x* +x° +etc,,

obviously indicates.

§29 Since the series B = m indicates, in how many ways any num-
ber can be formed from the numbers 1 and 2 by addition, in this series the
coefficients of the power x" will be = n2); for, this expression was assumed
to denote, in how many ways the number 7 can result from the number 1 and
2 by addition. Therefore, it will hence be

B =14+1@x+2@x2 433 4+ 4@ x* 4 5215 1+ 6(2)x0 4 et
and likewise it will be

A=1+1Wx +2Wx2 4303 4 44 4 50055 1+ 61 x0 4 ete.
Further, since 21 = ﬁ and B = W

=) it will be 2 = B(1 — x?), whence
the following relation among these series results

A =14+ 1Wx +2Wx2 4 3Wx3 4 4yt 4 50)x5 4 6(Dx6 4 etc.,
B 14+ 1@x +2@x2 4 3@)x3 4 4@) x4 4 5@)x5 4 6(2)x6 4 etc.

S — 213 2@y _ 3245 _ 4246 _ et

Hence, if the corresponding terms are compared, it will be
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, 42) = 41) 4 202 72) = 7(1) 4 52),
2@ =21 41, 52) = 5(1) 4 3(2) 82) = g(1) 4 6(2)
32 =31 4+ 10@2), 62 =6l + 42) 9(2) = 9(1) 4 7(2),

§30 Therefore, in general it will be

n(z) — n(l) + (n _ 2)(2)

Therefore, since n(1) = 1, it will be n(2) = 14 (1 —2)®); and so the coefficients
of the series B will be determined in such a way that the last term is equal to
the antepenultimate augmented by 1. Or since all coefficients of the series 2
are 1, the series B will be formed from the series 2 in the following way:

A=T+x+ 224+ 34+ x*+ 54+ 204+ 2"+ 8+ 2+ etc
1 +1 +2 +2 +3 +3 +4 +4 + etc
B =1+ x4+ 2x% 4+ 2x3 + 3x* + 3x° + 4x° + 4x7 + 528 + 527 + etc.

Since the initial terms of the series B are known, they are 1 4 x, of course,
write them under the third and fourth term of the series 2l and hence the
third and the fourth term of the series B will result, which further, if written
under the fifth and sixth term of the series 2 and added, will give the fifth
and sixth term of the series B and this way one can continue the series B
arbitrarily far. But it is plain that hence n(?) = : <n I ;) ; if n is an odd

2) = I(n +1), but if n is an even number, it will be n(?) = 1(n + 2).

number, n'

§31 Further, since € = (1_x)(1_1xz)(1_x3), it will be B = ¢(1 — x3), whence,

because the general term of the series € is n(3), the following relation among
B and ¢ will result

B =1+ 1@y +2@x2 4+ 3@)x3 4+ 4@)x4 4 52)x5 4 6(2)x6 4 etc,,

¢ =1+10x + 206052 1 30)x3 4 408)x4 1 50)x5 + 60B)x6 + etc.

— &x® — 23— 10y — 20)x5 — 32046 4 etc.
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If now here the coefficients of the two series are compared, it will be

16) =12, 40) = 4(2) 4 10), 708) = 7(2) 4 40)
20) = 2(2), 53) = 52) 4 20), 8(3) =82 4 50),
38 =32 11 63) =62 + 30) 9(3) = 9(2) 4 )

and generally

n® =n@ 4 (n-3)0,

Therefore, the series € is easily formed from the series 8 and its preceding
terms in the following way. But let us omit the powers of x, since we are only
interested in the coefficients:

B=1+1+2+2+3+3+4+4+ 5+ 5+ 6+ 6+ etc
1+1+2+3+4+ 5+ 7+ 8+ 10+ etc.
C=14+1+24+3+44+5+7+8+10+ 12 + 14 + 16 + etc.

Of course, write the series € under the series ‘B, starting from the fourth term,
and depending on how this way the series € results by addition, so it will also
be continued under the series 8.

§32 Further, since ® = (1_x)(1_x2)%1_x3)(1_x4), it will be € = ®(1 — x*). The-

refore, in the same way as before one will find

14 =106), 4(4) = 40G) 4 q, 7(4) = 70) 4 3(4)
2(4) =203) 53 = 50) 4 1(4), 84 =83 4 414)
3(4) =30) 64 =603 24, 94) = 9B 4 5(4)
and generally
n® =n® 4 (n—4)®,

Proceeding further this way it will be seen that
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Therefore, it is concluded that it will be in general

n(m) — n(mfl) + (n —_ m)(m)/

where it is to be noted, if it was n < m, that then the term (n — m)(’”) vanishes
completely, but if n = m, even though n —m = 0, that the term (n — m)(m)
will nevertheless be = 1. Further, if n — m = 1, it will also be (n — m)™ = 1.
Therefore, it will always be so 0m =1as1m =1and nM =1.

§33 Having noted these relations among the series 2, 9B, €, © etc. they are
formed most easily and continued arbitrarily far, which operation will become
clear from the table added here:
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xll

x12

13 14 15

X X X etc.

A=1+ 1+ 1+ 1+ 14+ 14+ 14+ 1+ 1+ 1+ 14+ 14+ 14+ 14+ 1+ 1+etc
1+ 14+ 24+ 24+ 3+ 34 4+ 44 5+ 54 6+ 6+ 74+ 7+ etc

B=14+ 1+ 24+ 24+ 3+ 3+ 4+ 44+ 54+ 5+ 64+ 6+ 74+ 74+ 8+ 8+etc
1+ 14+ 24 34+ 44+ 54+ 74+ 84+ 104+ 124 14+ 16+ 19 + etc.

¢=14+ 14 24 3+ 4+ 5+ 7+ 84+10+124 14+ 16+ 19+ 21+ 24 4 27 + etc.
1+ 14+ 2+ 34+ 5+ 6+ 94 11+ 154+ 18+ 23+ 27 + etc.

D=1+ 1+ 2+ 3+ 5+ 6+ 9+11+15+18+ 23+ 27+ 34+ 39+ 47 + 54 4 etc.
1+ 1+ 2+ 3+ 5+ 74 10+ 134+ 18+ 23+ 30 + etc.

¢=1+ 14+ 24+ 34+ 54+ 74+104+134+184+23+ 30+ 37+ 47+ 57+ 70+ 84 + etc.
1+ 14+ 24+ 3+ 54 74+ 11+ 14+ 20+ 26 + etc.

§=1+ 1+ 2+ 3+ 54+ 74+114+144+20+26+ 35+ 44+ 58+ 71+ 90 + 110 + etc.
1+ 1+ 24 34 54+ 74 114 15+ 21 4 etc.

=14+ 14+ 2+ 3+ 5+ 7+11+15+21+28+ 38+ 49+ 65+ 82+ 105+ 131 + etc.
1+ 14+ 2+ 34 5+ 7+ 114 15+ etc.

H=14+ 14+ 2+ 3+ 5+ 7+11+15+22+29+ 40+ 52+ 70+ 89 + 116 + 146 + etc.
1+ 1+ 2+ 34 54+ 7+ 11+ etc.

J=14+4 14+ 2+ 3+ 5+ 7+11+15+22+30+ 41+ 54+ 73+ 94 + 123 + 157 + etc.
1+ 1+ 24 3+ 54 7 +etc

R=1+ 14 24 34+ 54+ 7+11+15+4+22430+ 42+ 55+ 75+ 97 4 128 + 164 + etc.
1+ 14+ 24 3+ 5+etc

£=14+ 14 24 34+ 54+ 7+114+154+22430+ 424+ 56+ 76 + 99 + 131 + 169 + etc.
1+ 1+ 24 3 +etc

M=1+ 1+ 24 34+ 54+ 7+11+154+22+4+30+ 42+ 56 + 77 + 100 + 133 + 172 + etc.
1+ 1+ 2+etc

N=14+ 14+ 2+ 3+ 5+ 7+ 11 +15+22+30+ 42+ 56+ 77+ 101 + 134 + 174 + etc.

etc.

§34 This way the table added here was constructed by addition only and
the way of construction is so perspicuous from inspection that a further
explanation is not necessary. Therefore, by means of this table the problem to
tind, in how many different ways a given number n can be formed from the numbers
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1,2,3,--- m by addition, is solved immediately.

So if it is in question, in how many ways the number 10 can result from these
numbers 1, 2 and 3 by addition, it will be n = 10 and m = 3 and from the
table one finds the number of ways to be = 14; these ways are

100=1+1+1+14+14+1+1+1+1+1, 100=1+1+1+2+2+3,

10=1+1+1+1+1+1+1+1+2, 100=1+1+2+2+2+2,
100=1+1+1+14+1+1+1+3, 10=1+1+2+3 +3,
100=1+1+1+1+1+1+2+2, 10=1+2+2+2+3,
100=1+1+1+1+1+2+2, 10=1+3+3+3,
10=1+1+1+1+2+2+2, 10=2+2+2+2+2,
100=1+1+1+1+3+3, 10=2+2+3+3,

If it is in question, in how many ways the number 25 can result from the
numbers 1, 2, 3, 4, 5 by addition, having put n = 25 and m = 5 the number of
ways will be found from the table to be = 377.

If it is in question, in how many ways the number 50 can result from the
numbers 1, 2, 3,4, 5, 6,7, 8,9, 10 by addition, having put n = 50 and m = 10
the number of ways is found to be = 62740.

If either the propounded number or the number of parts is greater than those
in the table, then it will nevertheless be possible to find the number of cases
from the table by means of the formulas found above. For the sake of an
example, let it be in question, in how many ways the number 60 can result
from the numbers 1, 2, 3, - - - 20 by addition, it will be n = 60 and m = 20
and the value of the formula 602%). But 60(20) = 6019 + 40(20), and 6019 =
60(18) + 4119 and further 60(8) = 6017) +42(18) and 601"7) = 60(1) + 40117)
and so forth. Hence it will finally be

6020 = 4020 4 41(19) 4 42(18) 4 43(17) 4 44(16) 1 ... 4 59(1),

which numbers added from the table give 791131; and hence the number 60
can be found from the numbers 1, 2, 3, - - - m by addition in that many ways.

§35 Further, using this table, both problems propounded by Naude can be
solved quickly. First, if it is in question, in how many different ways a given
number N can be split into m different parts, this, as it was shown above in [§ 19],
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will happen in so many ways as the expression (N — W) (m), which the

table indicates, contains unities.
Therefore, let us demonstrate the application of this table in some examples.

L. Let it be in question, in how many different ways the number 25 can be split into
5 different parts.

Therefore, here it will be N = 25 and m = 5, whence % =15, and the
answer will contain the formula 100), which is 30 from the table so that the
partition can be done in 30 ways.

II. Let it be in question, in how many different ways the number 50 can be split
into 7 different parts.

Here, N =50, m =7 and N — M = 22, whence the number of partiti-
ons in question is 22(7) = 522,

III. Let it be in question, in how many different ways the number 100 can be split
into 10 different parts.

Since N = 100 and m = 10, it will be N — M = 45 and the number of
partitions will be found to be 45(19) = 33401.

IV. Let it be in question, in how many different ways the number 256 can be split
into 20 different parts.

Because of N = 256 and m = 20 it will be N — M = 46 and the number
of partitions will be 46(20) = 96271.

V. Let it be in question, in how many different ways the number 270 can be split
into 20 different parts.
Because of N = 270 and m = 20 it will be N — W = 60 and hence the
number of partitions in question is 60(2?), whose value we found before to
be = 791131. Therefore, the number 270 can be split into 20 different parts in
that many different ways.
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§36 In like manner, the other problem, in how many different ways the number
N can be split into m not necessarily different parts, will be solved from the table.
For, above [§ 27] we showed that the number of partitions is contained in this
formula (N — )™, which value can be taken from the table. To understand
this solution more easily, let us add some examples.

L. Let it be in question, in how many different ways the number 25 can be split into
5 either equal or different parts.

Here we have N = 25 and m = 5, whence N — m = 20, and the number of
partitions will be 200) = 192.

IL. Let it be in question, in how many different ways the number 50 can be split
into 7 either equal or different parts.

Because of N = 50 and m = 7 it will be N — m = 43 and the number of
partitions in question will be 43(7) = 8946.

IIL. Let it be in question, in how many different ways the number 50 can be split
into 10 either equal or different parts.

Because of N = 50 and m = 10 it will be N — m = 40 and the number of
partitions will be 40(10) — 16928.

IV. Let it be in question, in how many different ways the number 60 can be split
into 12 either equal or different parts.

Since N = 60 and m = 12, it will be N — m = 48 and the number of partiti-
ons in question will be 48(12) = 74287.

V. Let it be in question, in how many different ways the number 80 can be split
into 20 either equal or different parts.

Therefore, it will be N = 80 and m = 20, whence N — m = 60, and the
number of partitions will be 602°) = 791131,
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§37 In the horizontal series the table exhibits it is remarkable that the initial
terms of these series are identical; and the more initial terms are identical
the larger the number m was; so the fifteenth series has fifteen initial terms
with all following series in common. Hence one will be able to find a series
which corresponds to an infinite number m and which will hence contain the
values of this formula 1n(®), which denotes, in how many different ways the
number n can be formed from all integer numbers by addition. Therefore,
this question deserves some more attention. Since 7(®) contains completely
all partitions of the number n for an arbitrary number of parts, n(*) will be
the aggregate of the numbers of partitions into 1, 2, 3, 4, - - - up to n either
equal or different parts, since the number n cannot be split into more than n
parts. Therefore, it will be

n® =mn-1)V4+n-224+n-3)+m-4Y+n-50+. 4 n-—m)",

in which series so the first term (1 — 1)(!), which denotes the partition into
1 part, as the last (n —n)("), which denotes the partition into 1 parts, is 1.
Therefore, hence the series of numbers 7(®), which is exhibited in the last line
of the table’, can be exhibited by addition of the terms from the above series.
So it will be

6°) =501 142 1303 4 24 1 10) 1 0®) =143 4+3+24+1+1=11,
which number is found in the last series under the number 6.
§38 But this operation can be contracted by means of the lemma found above

[§ 32], n™ = n(m=1) 4 (1 — m)("™), whence n(™) — n(m=1) = (5 — m)m,
For, since

) =mn-1)V4+n-2)2+n-3+n-4®+n-50 4 (n-6)® tetc,

if one writes n — 1 instead of n everywhere, it will be

(1= = (1= 1)+ (1=2)V (1 -3)® + (1= 9+ (10 -5) + (1) +etc,

TAt the end of the paper Euler gives a table of the partitions of all numbers up to 59. This is
not reproduced in this translation.
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where the term (n — 1)(0), whose value is = 0, is added for the sake of
uniformity. Therefore, if the lower series is subtracted from the upper series,
by the lemma it will result

=m=2) Y4+ -4+ n-6)%+nm-8)*+(n1—10)® + (1 —12)© +etc.

and so each term 1(®) is found by means of the preceding (n — 1)(*) by
addition of twice as less terms as before. Therefore, for the sake of an example,
it will be

12(°) =110 4100 4+ 8@ 4 60 44 4 26) 4 ®)

or

120®) =564+ 14+54+7+5+2+1=77,

which number is also found for the value of 12(*®) in the table.

§39 In like manner, this operation can be contracted even further; for, since

n® —(n—1) =n-2)M 4+ -4+ (n-6) + (n-8)* 4+ (n—-10)® +etc.,
if we put n — 2 instead of n, we will have
(n—2)(®) — (n—3)

=204 -V 4+ -6+ n-8)0 +1n-10)* +etc,

where we added the term (1 —2)(®) = 0 for the sake of uniformity. Now, by
subtracting this series from the above one by means of the lemma we will
obtain

(m)®) = (n=1)(®) — (n = 2)(*) 4 (n - 3){~)
=m=3 Y4+ n-62+1m-9 +1n-12)» 4+ (n-15)5 +etc.

Therefore, if this series is called P, it will be

n®) = (n—=1)) 4 (n—2)®) — (n—3)=) 4 p.
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Therefore, in order to define the term 1(®) in the series in question, except for
the value of P one has to know three preceding terms. Proceeding this way
the quantity P will finally vanish and each term of this series will be defined
only by the preceding terms, which is the property of recurring series.

§40 That this series is indeed recurring is also obvious from its origin, since
it results from the expansion of this fraction

1
(IT—x)(1—x2)(1—x3)(1 —x*)(1—x°)(1 — x)etc.
Therefore, the relation scale of this series will be found, if this denomina-

tor is actually expanded by multiplication. But after this multiplication the
denominator will be found expressed in the following way:

T—x—x2 4204+ a7 — a2 — a5 a2 4 120 — 3 — x40 4 2 25 70 77 fete.

It seems hard to discover, by what kind of formula the exponents of the
powers of x are expressed; but nevertheless it becomes clear very soon that the
signs of each two terms alternate. Furthermore, the exponents are all seen to
follow a certain law, whence the general one is concluded to be x""+1)2, Of
course, no other powers than those occur, whose exponents are contained in
the formula 2= in such a way that the powers resulting from odd numbers
assumed for n have the sign —, but the powers formed from even numbers
have the sign +.

§41 Therefore, this formula gives us the relation scale of the series in question;
for, now we have

n®) = (n—=1)) 4 (n—2)®) — (n—=5)*) — (n=7)®) 4 (1 —12)(®) 4 (n —15)(=)

—(n—22)) — (1 —26)(®) 4 (1 —35)() + (n — 40)(*) — (1 —51)(*) — (n —57)(*) +etc.

This rule for the progression will be seen to be true by testing it. For, let
n = 30; one will find

30() = 29() 4 2g() _p5(e) _ 23() 4 18(%°) 4 15(%) _ g(ee) _ gle),
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for, having taken these numbers from the table

5604 = 4565 + 3718 — 1958 — 1255 + 385 + 176 — 22 — 5.

And this way the series can be continued arbitrarily far.

§42 But since the series for the value m = 20 was already formed, from it

the series in question for the value m = co can be found a bit more easily. For,

20)

since the series n(?%) is formed from the expansion of this fraction

1
(1-x)1-22)(1=23)(I—xt)--- (1 —-220)

but the series 1n(®) from the expansion of this fraction

1
(1=x)(1=2)(1 =) (1 —xt) - (1—-x%)’
it is obvious, if this series is multiplied by

(1—2"H(1—x2)(1—22)(1 — x*)(1 — xP)etc.
or by

1— 20 422 23,24 025 126 27 o

+a® ot 42 4 2x%0 4 3xY 438 4 + 4x%0 + et
—x% — x®7 —2x%8 _ 3x%% — 4x70 — 5571 — 6x72 — 8x"73 — 10x7* — etc.
+2%0 4 2% 42092 4 3x 4 5% 4+ 6x%° 4+ 9170 + 11xY7 4 15 + etc.
115 116 9 117 30118 5y 119 50120 104121 135122 184123 _ oy
etc.,

that then the first must result. Hence it is concluded that it will be

+(n— 43)®) 4 (n— 44)®) £ 2(n — 45)(®°) £ 2(n — 46)(®) 4 3(n — 47
—(n— 66)® —(n— 67)(®) —2(n— 68)®) —3(n— 69)*) —4(n—

+(n— 90)(® + (n— 91)(®) £ 2(n — 92)(®) 4+ 3(n — 93)(®) 4 5(n — 94
— (n —115)) — (n — 116)(®) — 2(n — 117)(®) — 3(n — 118)(*) — 5(n — 119
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etc.,

the coefficients of which series proceed according to the above series for the
partitions numbers into 2, 3, 4, 5, 6 etc. parts.

§43 Let [(n— 21)(®) denote the sum of all terms of the series (), which
series is

1+1+24+3+5+7+11+ 15422+ 30 + etc.

up to the term (1 — 21)(*®) inclusively; and in like manner let in general [ pt=)
be the sum of all terms of the same series up to the term p(®) inclusively;
since these sums are easily formed successively, it will be

n(20) = p() _ /n—21 +/ n—43 +/n—45 +/n—47 + etc.

—/(n—66)( >—/(n—68)< >—/(n—69)< >—/<n—70)< ) _ete.

+/n—90 +/n—92 +/n—93 +2/n—94<>+etc.

And hence it will be

() = (20 | / (n —21)) — / (n — 43)) — / (n — 45)) — / (n—47)®)  _etc.

+/n—66 +/n—68 +/n—69 +/n—70 +ete,

—/(n—9o)( >—/(n—92)< )~ /(n—93 2/n—94 —etc.

By means of this formula, if the number 7 is not very large, from the series for
the partition into 20 parts the series 7(*) is easily constituted and this way it
is exhibited in the constructed table, since the excesses of the terms 1n(®) over
the terms 17(20) were assigned everywhere.

§44 Therefore, having constructed this series and then having propounded
an arbitrary number one will be able to define, in how many ways it can be
split into its parts. So it is plain that the number 10 can result in 42 ways by
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addition; and the number 59 can result in so many ways by addition as the
number 831820 indicates it. But if greater numbers are propounded, then the
table exhibited here must be continued for each case or one has to investigate
the number by the prescriptions given here. Hence a new problem arises, in
which for a certain propounded number the number of all partitions into different
parts is in question; this problem is solved by this expression

(1+2)(1T4+x) (1 +23) (1 + 24 (1 + x°) (1 + x°)etc.

For, having multiplied these factors by each other a series results, in which
each coefficient will show, in how many different ways the exponent of x can
be split into different parts.

§45 But if this product is actually expanded, one will find this series

14 x4+ 22 4+ 203 + 2x* + 3x° + 4x° + 5x7 + 6x% + 8x7 + 10x10 4 1241

+15x12 + 18x13 + 22x™ + 27x15 4 32416 + 38x17 + 46x18 + 54x1° + 64x%0
76x%1 + 89x?% + etc.;

since this is a product of infinitely many factors of such a simple structure,
it seems worth one’s complete attention. And first, it is certainly obvious
that the coefficients of these terms are mostly even and only those are odd
which correspond to powers of x, whose exponents are contained in the form
LN the reason for this phenomenon is the same as for that one we saw
in the exponent of the same form =" in the expansion of the product

(1 —x)(1—x%)(1—x%)(1 — x*)etc. But since

(1—x2)(1—x*) (1 —x°)(1 — x8)etc.

(1+x) (1427 (14 2%) (14 x*)ete. = 1—2)(1-2)(1-23)(1 - x%)etc.’

it is apparent that the series found before is expressed by this fraction

1— a2 —x* 4 210 x4 — x2 130 x4 452 370 180 4 et
T—xl — a2+ 2%+ 07 — x12 — a1  x22 4+ x26 — x35 — x40 L etc. ’

whence it can be formed like recurring series.
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§46 But without any doubt this series is most easily constructed from its
nature itself, according to which the coefficient of each terms must indicate,
in how many different ways the exponent of x can be split into different parts.
Let N be the coefficient of the power x" in this series and it will be

N=n-1)D4+mn-3?+n-6©+n-10% + (n-15) + (1 —21)® f etc,

for, (n — 1)(1) = 1 indicates that the number 1 can consist of one part in one
single way, (11 — 3)(®) shows, in how many ways the number 7 can be split into
two different parts, (n — 6)(3) shows, in how many ways the number n can
be split into three different parts, and so forth; hence also this series can be
continued arbitrarily far by means of the tables. Furthermore, it is remarkable,
if the number of partitions into an even number of parts is taken negatively,
that this resulting expression

n—1)D - -3 4 (n-6)® — (n-10)® + (n —15)® — (1 —21)®) + etc.

is always = 0, if n was not a number contained in the form 3ZZZ£, but if n is
contained in this form, that the value of that expression is either +1 or —1,
depending on whether z was an odd or even number.

§47 As up to this point we allowed all integer numbers to constitute the
parts, so, by restricting the properties of the parts, the number of questions
could be increased to infinity; but will we not spend more time on this task,
since a certain method to solve questions of this kind was already given. It
shall suffice, to have noted an extraordinary property of the partitions into
odd parts. Since

1
(1—x)(1—x3)(1—x%)(1 —x7)(1 —x%)etc.

(1+2)(1+x)(1+2%)(1+x)etc. =

which formula follows from the equation exhibited in § 45, hence it follows
that each number can be produced from only odd numbers by addition in so
many ways as the same number can be split into different parts. So, since the
number 10 can be split into different parts in ten ways, which are
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10 = 10, 10=1+2+7,
10=1+09, 10=1+3+6,
10=2+38, 10=1+4+5,
10=3+7, 10=2+3+5,
10=4+6, 10=1+2+3 +4,

the same number 10 can also be produced in ten ways from only odd numbers
by addition as follows

100=1+1+1+14+1+1+1+1+1+1, 10=1+3 +3+3,

10=14+1+14+1+14+14+1+1+43, 10=1+1+1+1 +3+3,
100=1+1+1+1+1+5, 10=1+1 +3+5,
10=1+1+1+7, 10=3+7,

10=1+9, 10=5+5.

§48 But having put these considerations aside, I proceed to investigate, how
each number can be formed from the terms of the geometric progression 1, 2,
4, 8, 16, 32 etc. by addition. And first, if these parts must all be different, the
question will be resolved by expansion of this expression

s=(14+x)(14+x3) 1+ 2H)(1+ 231 +20)(1 4 x¥)etc.

For, having actually done the multiplication, the coefficient of each term will
indicate, in how many ways the exponents of the corresponding power of x
can be produced from the numbers of the geometric progression 1, 2, 4, 8, 16
etc. by addition. Therefore, since each number was observed that it can be
resolved in one way like this, it is to be demonstrated that in this series all
powers of x occur and they all have the same coefficient, which is = 1.

§49 To demonstrate this, let us put that

s=1+ax+ px? + 9x° + 6x* + ex® + {x + nx” + 0x° + etc.

and, in order to find the values of the coefficients «, , v, 6, let us put xx
instead of x and let the value resulting for s this way be = ¢; it will be

33



t=(14+x3)((1+2H) (1 4+28)(1+x) (1 + x*?)etc.

and hence it will be s = (1 + x)t. Having considered this relation in the series
because of

t=1+ax®+ Bx* + yx® 4 6x® + ex!? + etc.

one will have

(T4+x)t =1+ x+ax® + ax® + Bx* + Bx° + yx® + yx” + 62% + 6x” + etc;

since this series must be equal to the series s, the comparison of the coefficients
will give

DC:]., 5218, n=7, n =g,
B=ua, e =P, 0 =9, A =g
T =4 =", L =9, "MZC

whence it is obvious that the single coefficients are all equal to 1 and therefore
1
s=1+x+22+ 3+ + 20+ 20+ 27 + 2% +etc. = T

the same is perspicuous per se, since
(1—2)(14+2)(1+x*)(1+x*) (14 28) (1 + x'%)etc. = 1.

§50 But if it is in question, in how many different ways each number can be
formed from not necessarily different terms of the geometric progression 1, 2,
4, 8, 16 etc. by addition, the solution is to be derived from the expansion of
this fraction

1
(1— )1 —22)(1— 25)(1— 28)(1 — x16) (1 — x2)etc.”

for, in this series, if expanded, the coefficient of each term will show, in how
many different ways the exponent of the corresponding power of x can result
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from the terms of the propounded geometric progression by addition. Let us
put xx instead of x and let the value of s go over into ¢; it will be

1
= A A =) = [ = e, ()

therefore, let

s=T1+4ax+ B+ yx® +ox* +ex® + Tx® + a7 + 028 +1” +ete;

it will be

(1—x)s =1+ ax + Bx® + x> + 5x* + ex® + x® + nx’ + 028 + 1x® + etc.
-1 —-a —-B -9 -6 —e¢ —-( —n —06 -—etc
=t=1 + ax? + Bxt + yx® + 6x8 + etc.,

whence from the equality of the homogeneous terms one will obtain

a =1 =1, n = =6, vV =u =20,

B=a+a =2, 0 =n+4 =10, § =v+1n=26

=5 =2, 1 =90 =10, 0 =¢ = 26,

b =7+p=4, x=1+¢e =14, mT=o0+60 =36,

e =90 =4, A= =14, p =T = 36,

{=¢e+7 =6, u=A+7=20, c=p+1 =46,
etc.

§51 This series is remarkable, both since each two terms are equal and since
it easily continued arbitrarily far. Having continued it further, it will look like
this:

1+ x +2x2 + 223 4+ 4x* + 4x° + 6x° + 6x7 + 10x® + 10x” + 14x10 + 1441

+20x12 +20x"13 +26x1 + 26x1° + 36x10 + 36x17 + 46x'8 + 46x1° + 60x%° + 60x*
+74x%2 + 74x% + 94x%* + 94x%° 4+ 114x%° + 114x% + 140x% + 140x%° + 166x*°
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+166x3" + 202x3% + 202x33 + 238x3* + 238x% + 284x30 + 284x% + etc.

Therefore, from this series it is plain that the number 30 can result in one
hundred and sixty-six ways from the geometric progression by addition, for
example. Furthermore, the attentive reader will easily see that the law of this
progression cannot by expressed by a general term by any means, although
this series is indeed recurring; but its relation scale is extended to infinity. But
this infinite product

(1—2x)(1—22)(1 =21 —2%) (1 —x)(1 - x*)etc.,

if expanded, will give the scale of relation. To find it, put this product = p,
which goes over into g, if one puts x2 instead of x, and it will be

g=(1-2)(1=x)(1-2)(1 ~x)ete. = 7

or p = (1 — x)q. Therefore, set

=1+ ax + Bx* + 92> + oxt +ex® + x + nx” 4+ 0x® + 1% + 5exl0 +ete,,
p n

and it will be

(1—x)g =1—x+ax? —ax®+ Bx* — Bx° +9x® — 97 4+ 3% — 527 +ex!? —etc,,

whence by equating the coefficients one obtains

a=—1= -1, 6= 6= -1, 0= —1n=+1,
= a= —1, L= —06= +1, s 0 = —1,
Y= —a= +1, ” e = +1, 0 -0 = +1,
0= p= -1, A —0= —1, o L= +1,
e = —pB=+1, U = +1, T - = —1,
(= 9= +1, v - (= -1, v w= +1,
n=-vy=-1, ¢= n1=-1 ¢=-—x=-1
etc.
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§52 Therefore, the coefficients of the series p, which results from the expan-
sion of this product

(1—x)(1—2?)(1—2xH) (1 —2%) (1 —x)(1 — x*)etc.,

are all either +1 or —1 and nevertheless do not follow a law assignable by
customary methods; for, it will be

p:1—x1—x2+x3—x4—|—x5+x6—x7—x8+x9—1—x10—x11—|—x12—x13—x14
15 16 (17 L (18 019 L 020 (21 422 (23 4 024 025 (26 027 28
429 4 o 30 314324 033 (34 (35 .36 487 38 .39 4 40 .41 42
+a® M etc.,

where it is to be noted that each power with an odd exponent x?"*! has the
contrary sign to that the power x?", and the sign of this always agrees with
the sign of the power x"; hence the sign of each power is easily assigned. If,
for the sake of an example, the sign of the power x'7# is in question, just
considering the signs it will be

(1745 _ 1744 (872 0436 _ 218 _ 0109 _ 4 0108 _ 4 54 (27
SR Y SRS - NI o S NN
therefore, the sign of the power x!7# is contrary to the sign of the power x!;

since this sign is —, that one will be +.
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